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The simplest case of Fermat’s last theorem, the impossibility of solving 
x3 + y3 = z3 in nonzero integers, has been proved. In other words, 1 is not 
expressible as a sum of two cubes of rational numbers. However, the slightly 
extended problem, in which integers D are expressible as a sum of two cubes of 
rational numbers, is unsolved. There is the conjecture (based on work of Birch. 
Swinnerton-Dyer, and Stephens) that x3 + y3 = D is solvable in the rational 
numbers for all square-free positive integers D E 4 (mod 9). The condition that D 
should be square-free is necessary. As an example, it is shown near the end of this 
paper that x3 + y” = 4 has no solutions in the rational numbers. The remainder of 
this paper is concerned with the proof published by the first author (Proc. Nat. 
Acad. Sci. USA., 1963) entitled “Remarks on a conjecture of C. L. Siegel.” This 
pointed out an error in a statement of Siegel that the diophantine equation ax” t 
bx’y + cxy* + dy3 = n has a bounded number of integer solutions for fixed a, b, c, 
d, and, further, that the bound is independent of a, b, c, d, and n. However. 
x3 t y’ = n already has an unbounded number of solutions. The paper of S. 
Chowla itself contains an error or at least an omission. This can be rectified by 
quoting a theorem of E. Lutz. 
Let r2,3(n) be the number of representations of IZ as a sum of two cubes of 
nonnegative integers. This is a special case of the function T,,~(Iz) introduced 
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by Hardy and Littlewood in their researches on Waring’s problem. In 
general, r,,k(n) is the number of representations of the positive integer n as a 
sum of s kth powers of nonnegative integers: 
Hardy and Littlewood proposed Hypothesis K, that r&n) = O(t), where F 
is an arbitrary positive real. Nahler disproved this for k = 3 by showing that 
r3,3(n) = Q(n’i’2). It is possible that Hypothesis K is true for k > 4. 
It is known that r2,3(n) = O(log log n). This, in Littlewood’s Q-notation, 
means that the inequality 
(with a suitable positve constant c) holds for infinitely many n. A special 
case of this result is that 
r2.3(n) f O(1). 
This was proved independently by several authors. According to Dickson’s 
“History of the Theory of Numbers,” Vol. 1 (see, however, Vol. 2, pp. 
554-555), A Hurwitz was the first. Earlier writers (perhaps even Fermat and 
Euler) had suspected the result. It was later proved by S. S. Pillai and L. J. 
Mordell. That rkqk(n) # O(1) was proved by P. Erdijs and S. Chowla. 
It is not known how often a number n is a sum of two cubes of integers. 
Since the cubes in 
n = x3 + y3 
are allowed to be negative integers, this is a wider question than that of 
r2,3(n). Let r(n) be the number of representations of n as a sum of two cubes 
of integers (positive, negative, or zero). A theorem of E. Lutz can be used to 
obtain an elegant proof of 
r(n) f O(l) 
(earlier prove by Hurwitz, Mordell, Pillai, and S. Chowla). 
To prove this, proceed as follows: Let D be a given positive integer. In 
x3+J13=D, (1) 
whose rational solutions we wish to investigate, set 
x=U 
1-U 
and J’=-. 
V L’ 
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So (1) becomes 
or 
u3 + (1 - U)” = Du3 
3U2-33u+ l=Du3 
or 
Now set w=u-1. So 
1 D 
Iv2 +12=Jv3. (2) 
Let w  = a/72D and v =/I. Then (2) becomes 
or 
a2 + 432D2 = D3 . 122 . /I”. 
Set y = 12D/?. Then (3) becomes 
(3) 
a2 +432D2 =y3. (4) 
Thus to every rational point on (1) there corresponds a rational point on (4), 
and vice versa. For (x,, y,,) on (I), let (a,, , v,) be the corresponding point on 
(4) (similarly define uO, ZJ~, wO, etc.). 
The well-known theorem of E. Lutz (Crelle’s Journal, 1937) is as follows: 
Let q and r be integers such that the cubic curve given by 
y2 = x3 + qx + Y (5) 
is of genus 1. If (7, a) is a point of finite order in the group of rational points 
on (5), the either a = 0 or 
(i) a and y are integers, and 
(ii) a2 / 276 + 4q3. 
Let (x,,~,) be a rational point on the curve given by (1). Then 
1 
ug = x(jvo and vfJ = ___ 
XII +.&I’ 
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so 
X0 1 x0 - Yo 
wo=---= 2(xo+yo). 
xo+yo 2 
Thus 
rro=72Dwo=36D= and 
x0 +yo 
y. = 12 Dv, = --!I!?- 
x0 +Yo’ 
Now apply the Lutz criterion: If (yo, a,) is a point of finite order in the 
group of rational points on (4), then either a0 = 0 or 
(i) a, and y. integers, and 
(ii) & ) 27(432D*)*. 
In terms of x0 and y,, (ii) becomes 
x0 -Yo 36D--- 
x0 +yo 
27(432D*)* 
or 36’(xi - x0 y, t yfj)’ (x0 -y,)’ / 27 . 432*D4 
12*D*( y, t x0)*. 
or (x0 -Y,)* I 27 . 
THEOREM. (12,l) is not a point of finite order on x3 t y3 = 1729 = 
7. 13 * 19. 
Proof. Here x,-y, = 11 does not divide 27 . 12* . (7 . 13 . 19)* . 13’. 
THEOREM. The curve x3 t y3 = 4 has no rational points on it. 
Proof. From Stephen’s table (Crelle’s Journal, 1965), the Mordell-Weil 
rank for x3 + y3 = 4 is 0. This means that all the elements of the group of 
rational points on x3 + y3 = 4 have finite order. Suppose (x0, y,) is a rational 
point on x3 t y3 = 4. Then (a,, y,) is a rational point on 
a2 = y3 -432.4* 
=y3 -29. 33. 
(6) 
Set a, = 8a, and y. = 4y,, then (6) becomes 
a: = y: - 22 . 3’. (7) 
If (7) has a rational point of finite order on it, then by the Lutz criterion 
either a, = 0, which is impossible, or 
ONX”+y’=D 373 
(i) (rI and y, are integers, and 
(ii) a: ) 27 . (2’ . 33)2. 
By (ii), at 1 39 . 24 so that cz,I 34 . 22. Thus there are 15 possibilities for (x1: 
1,3, 32, 33, 34, 
2,22, 6, 12, 18, (8) 
36,54,108, 162,324. 
By (7), the integer at + 22 - 33 must be a cube, which it is not for any a,, 
from (8). 
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